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Abstract 



Gauge invariant chiral theories satisfying the reflection positivity is constructed on a 
^'lattice. This requires the introduction of "half gauge fields" defined some time ago by 
^ 'Brydges, Frohlich, and Seller 0. A two-dimensional model is considered in some detail. 
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1. Introduction 

Reflection positivity, together with gauge invariance, plays a fundamental role in con- 
structing continuum quantum gauge theories from lattice gauge theories (see, e.g., and 
references therein). It allows one to construct the Hilbert space of states with positive def- 
inite metric and ensures the canonical quantum mechanical interpretation of the theories. 
This guarantees their unitarity, that is particularly important for gauge theories. 

Vector lattice gauge theories like QCD naturally are reflection positive and gauge invari- 
ant, while for chiral ones it is a long standing problem to satisfy these properties. The only 
exception is mirror fermion model [0], however, it is actually chiral only in the broken phase 
of the Higgs sector. It is worth noting that it is the explicit gauge invariance of this model 
that makes it possible to prove its reflection positivity. Models with the Wilson- Yukawa 
couplings (see review and references therein) appear not to be reflection positive and 
unitary [^. Besides, these models do not lead to chiral interacting continuum theories 0. 

In this paper we propose a new formulation of chiral gauge theories on a lattice which is 
both reflection positive and gauge invariant. 

2. Basic notations and definitions 

Let us first give basic notations and definitions which largely coincide with those of ref. 
0. We consider a hypercubic D-dimensional (D is even) lattice A with sites numbered by 
n = (no, . . . ,n£)_i), —N/2 + 1 < < N/2, N is odd, with lattice spacing a. Let fi be the 
unit vector along a lattice link in the positive /x-direction. We shall define a theory on a torus 
To which is obtained by the addition of links connecting each pair of sites with = N/2 
and rifj, = —N/2 + 1. Thus, our lattice has N^ sites and (DN)^ links. 

Let G = X G^ be the gauge group which we consider to be unitary. Dynamical 
variables of the theory are the fermion (Grassmannian) fields ipn, '4'ni defined on lattice sites, 
and the gauge variables f/^^^^ € G^'^, Un,n-ji = U\_i;^,^ defined on lattice links. We shall 
use the representation for JJ^'^ introduced in ref. ||^ in terms of "half gauge" variables 
^(n'±/i) ^ G^'^ associated with each pair (n, ±/i): 

TjL,R _ ixrL,R l\^L,R t n 
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(W^(n,±A) is w^,<„,„±A> of ref. 0.) 

Gauge transformations are defined as follows: 

- {h^PL + h^PR)i^n, ^ ?n(/^n^^iJ + ^l), (2) 

where h^'^ E G^'^, Pl,r = (1 ± 7_d+i)/2, 7z)+i = — '^'^''^To ■ • ■ 7d-i (we use Hermitean 
7-matrices with ['Jf„'ju]+ = 15^y). 

Let A± denote the equal parts of the lattice with no > and no < 0, respectively, and let 
r be such a reflection, that rA± = Azp. So, the reflection do not change and fi for ^ 0, 
while rno = —no + 1, rO = —0. 

Given reflection r, an antilinear operator 6 is defined such as 

9[lp^ r ■ • ■ W^n,±fi) ■■■tjjn\= ^rn70 " " " ^rV,±/i) ' ' ' Urn,rm ToV'rm, (4) 

where F is a matrix. 

A theory with an action y4['?/', ly] is called reflection positive if for each functional 
F[tp,ilj,W] defined on A+ one has 

J n c?^n#„ n dW(^n,i.)dW^n,-i.) Fe[F] c"^ > 0, (5) 

where dW(^n,±fi) denotes the Haar measure. 

The sufficient condition for a theory with an action A to be refiection positive is existing 
such functionals B[ip, ip, W] and Ci[ip, ip, W] defined on A+ that A can be represented in the 
form 

-A = B + e[B] + Y.Qe[a]. (6) 



3. Constructing the theory 

We proceed from the lattice action for free massless fermions of the form ^ 

(7) 



^ = E 
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where V'(...,Ar/2+i,...) = -^{...,-Af/2+i,...), i'{...-N/2,...) = -■ip{...,N/2,...y, T is an unitary matrix 
under constraint = 70T70. This is the general form of the lattice fermion action which 
is determined by the finite dimension approximation of functional integrals for canonical 
Hamiltonian (Grassmannian) dynamics and satisfies condition (6) of reflection positivity; at 
T = 1 it is exactly the Wilson fermion action. 

It is not invariant under the global transformation of the form (2). Therefore, we seek 
the gauge action in the form 

fA = a^ Y.'^nll.Ya ( (^^f^nW + ^«f^nVA)V^-+A - (^Lf/„VA + ^^^^^^ 



n£A,fi 



1 

'2a 



-2(PL^(n,A) + PR^in,fi))A 



(8) 



where X and Y are some functions of W. Let us now require the action (8) to be invariant 
under rotations of the lattice by tt/2, and to satisfy the following conditions: 

(i) condition (6) of reflection positivity; 

(ii) gauge invariance; 

(iii) for vector group = at T = 1 it takes the familiar Wilson form; 

(iv) in the ungauged limit W = 1 it takes the form of eq. (7). 
Then from (i) and (iv) we find 

n,n+jl ("lA*) (n+jJ-^—jJ-) ' n,n—jl {n,—jl) (n—fl,jl) ' 

^n,n+p. ''^ {n,fi) ''^ {n+fi,—fi) i ^n,n—p. ''^ {n,—fi) {n—jl,fi) i \^) 

while from (ii) - (iv) one has 

y^l,) = I t w^l,; + T w^l_,;) . (10) 

So these requirements determine the action uniquely. The important point, which we come 
to by product, is that the Feynman rules for action (8) at a ^ coincides with ones for 
the corresponding continuum theory. Besides, in a pure chiral case, say G^ = 1, the action 
has the Golterman-Petcher symmetry 0, i.e. is invariant under the global transformations 
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'ipn i^n + PR^i i^n ~^ "^n+^-fi; ^^lat guarantees the decoupling of the right-handed fermions 
in the continuum hmit. 

The full action contains pure gauge part which we require to satisfy the points (i) - (iii). 
Then it is also determined in fact uniquely and has the form 

A„ = E ULAp[U'^]+PnAp[U'']) + E CTrte,^)F(^,^/ - l), (11) 

Plaquettes^A ^ ^ neA,fi ^ ^ 

where Ap[f/] are the Wilson plaquette action. 

One can rewrite actions (8) and (11), and the measure in the functional integrals in terms 
of U^^^^i^ and W^^^y Then our theory is determined by functional integrals of the form 

where Z is partition function of the theory, F is a gauge invariant functional of the dy- 
namical variables, and A is three parametric action which is sum of (8) and (11). Thus, 
the fundamental difference of chiral gauge theories from vector ones is untrivial integration 
over variables which in this case cannot be cancel out from the action by any way, 

including a gauge fixing. 



4. Two-dimensional model 

To demonstrate how such a formulation works, we consider in more detail exactly solvable 



model which is a generalization of the chiral Schwinger model |T^. Let D = 2, G = U{1), g 
be the gauge coupling; fermions carry an isotopic index, and left-handed and right-handed 
fermions have charges gQi and gQn, respectively, where Ql,r some diagonal matrices; T = 1. 
Then t/"^;^^ = (f/n,n+A)'^^''*' t4,n+A = exp[igaA^{n + |/i)], where A^ is the gauge field, and 
^(n% ~ (W(n,fi))'^'^'"'- For variable W there is no a representation in terms of a local field 
which transforms as an irreducible representation of the group of rotation of the Euclidean 
space. However, to allow for a perturbative consideration we introduce variables zp^ln) so 
that W(^n,fi) = exp[igazix{n)]. Then the gauge transformations looks as 

111 1 

A^{n+ -fl) ^ Af,{n + -fi) + -{an+f,- an), Zjx{n) ^ Zj,{n) (13) 

2 2a a 
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where hn = exp{—igan)- 

Let us consider the continuum hmit of the effective actions 

W[U] = -\nJll d^l^^dM,^ n dWin,^) ^' ^' ^] • (14) 

We divide the calculation into two steps. First we calculate the effective action 

W[U,W] = - In / n diJndi^^ e-A[V',^,f/,iy]_ (^5^ 

While a finite a expression for W\JJ, W] is very cumbersome and hardly tractable, its con- 
tinuum limit in terms of A and z can be found in the closed form. The crucial simplification 



comes from using the Reisz theorems |[TT]|. So, for sufficient smooth variables A and z we 
find 

^ / 70 E [aM) (V?' - + \Tr{Ql + Ql) n^^^{q)) AM 



W[A,z\ 



+ 7;Tr{QL - QrY A,{q) {-(g' 6,. + m,^) A^ 



+ A^{q) U^^ zoiq) + Zf^iq) A,{q) + Zf,{q) Till z,{q) 



+ -Tr{Ql - Ql) A,{q) K^^iq) A^) 



(16) 



Here Af^{q) is a ^ limit of the gauge invariant combination A^{q) + 2isin(|g^a) Zji{q) 



^2 ^' 



(17) 



and n^,^, n^jj = 11^^, and 11^^ are some symmetrical matrices independent of q. From the 
Ward identities it follows Y^^^liu = J2u^^u — 0' ^o, effective action (16) is explicitly gauge 
invariant. The following relations are also satisfied: 



n 



00 



n 



n 



Az 



2 V'^' 



jtAz 
'-'-01 



-217^^ 



Numerically the elements of these matrices depend on infrared regularization used and have 
not a deep meaning; we started with the finite lattice which ensures such a regularization. 



then n^o^ = 1.959(7)^V(27r), H^/ = -0.361(6)^V(27r). Obviously expression (16) has no 
continuum rotational symmetry. 
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Now we can represent the continuum limit of effective action (14) as 

W[A] = -In f II dzi,{q) e'^t^' ^] . (19) 

As det = 0, we have to fix a gauge. Let us choose Zq = 0. Then, performing the Gaussian 
integration with taking into account (18) we find finally 

W[A] = \ j -^,AM [8,^q' - q,q^ + \Tr{Ql + Ql) n^^^{q) 



+ \Tr{QL - Qnf ("C/ + n^^) 5,. + '-Tr{Ql - Ql) K^fiq) 



where 11"^"^ = fl^Q"^ -|- Ilfff^. This is exactly what one would expect. This expression is 
rotational invariant and reproduces all well-known features of the vector Schwinger model 
{Ql = Qr) and purely chiral one {Qr = 0), including both mechanisms of gauge boson mass 
generation and two-dimensional anomaly K'^^lq) [ p!0|] . 

Let us note that despite the second term in the action (11) the gauge boson can acquire 
a mass only in the presence of the fermions, i.e. when 11 7^ 0. Then the mass can be tuned 
by parameter (. Otherwise, it remains massless. Indeed, integrating over 2;^ in (19) at 
n = = and taking into account the trace of 2; in A we find that the counterpart of ( is 
canceled out from H^[y4]. 



5. Conclusion 

Both reflection positivity and gauge invariance of our formulation of chiral gauge theories 
on a lattice are due to the use of "half gauge" variables W(^n,±fi) in terms of which gauge 
variables U are represented. The theory can be rewritten in terms of U and, e.g., W(^n,fi)- 
In the vector limit = the latter vanish in the action, so that integration over them 
becomes trivial at arbitrary a. In the general case of chiral theories integration over W is 
not factorized even at a —> 0, as our two-dimensional example demonstrates. Moreover, this 
integration is found to be necessary for restoring the rotation invariance of the theory in the 
continuum limit. 

Certainly, considered two-dimension model is only the first test of this formulation and 
many questions are still to be answered for establishing its status. The principal ones con- 
cern phase structure and the continuum limit of four-dimensional theories. However, the 
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fact that this formulation satisfies all basic requirements as invariance under the lattice 
translations and rotations, reflection positivity, and gauge invariance, is good reason to hope 
that it ensures the correct nonperturbative definition of the chiral gauge theories, including 
asymptotically free ones and realistic models. 
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